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Calculus, Unit 1

Function limits and continuity
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Calculus, Unit 1, Lesson01_teacher, page 1

Unit1:

Lesson 01 Limit fundamentals, definitions

Consider

lim(x? — 5x)
X—2

Read this as either

“The limit as x goes to two, of x squared minus five x.”
or

“The limit of x squared minus five x, as x goes to two.”

The answer to the above limit can be thought of as the value that the
function y = f(x) = x*— 5x approaches as x gets closer and closer to 2.

Let f(x) be a function defined at every number in an open interval
containing a, except possibly at a itself. If the function values of f(x)
approach a specific number L as x approaches a, then L is the limit of f(x) as
X approaches a.

For the function x* — 5x above, let x approach X f(x) = x> — 5x
2 in a table as follows (Consult Calculator 1.5 |-5.25
Appendix AE and an associated video forhow |1.6 |-5.44
to produce this table on a graphing calculator): | 1.7 |-5.61

1.8 |-5.76
: : 1.9 |-5.89
) '@ . .

o b 2 2.0 |-6.0

In the table above, the right column (the function value) seems to
approach —6 and, in fact, is exactly —6 at x = 2.

For the same function let’s approach x = 2 from | x f(x) = x* — 5x
the right now instead of the left. 2.5 |-6.25
2.4 |-6.24
—— 2.3 |-6.21
2. g 2.2 |-6.16
2.1 |-6.09
2.0 |-6.0
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Calculus, Unit 1, Lesson01_teacher, page 2

Again, the limit seems to be approaching —6. Notice that for our
function f(x) = x> —5x, f(2) = 2>~ 5(2) = —6.

So why use the tables to find what the function value approaches as x
approaches 2? Why not just evaluate f(2) and be done with it?

The fact is, we can do exactly that if the function is a polynomial.
If f(x) is a polynomial, then:

lim f(x) = f(a)

X—a

Example 1: Evaluate
lir113(2x3 —x+1)
X—

13) = ab’—3+ /=22 -2=64-2=|52

Approaching from the left: Consider this table | x f(x) = x> — 5x
from the previous page. Notice that we are 1.5 |-5.25
approaching 2 from the left. The notation for 1.6 |-5.44
this one sided limit is: 1.7 |-5.61
_ 1.8 |-5.76
é_fjff*ﬂm = -6 1.9 |-5.89

2.0 |-6.0
Approaching from the right: Consider this X f(x) = x* — 5x

table from the previous page. Notice that we 2.5 |-6.25
are approaching 2 from the right. The notation |2.4 |-6.24

for this one sided limit is: 2.3 |-6.21
—- 2.2 |-6.16
Lim T = -6 2.1 |-6.09
x>t : :
20 |-6.0
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Calculus, Unit 1, Lesson01_teacher, page 3

Only when the limits of a function from both left and right agree can
we say what the limit is in general:

If limf(x)=L and lim f(x) =L then limf(x)=L
+ x—a

X—a~ X—a

In the following two examples, state the general limit in limit notation and the
numeric answer (if it exists).

Example 2: Example 3:
lim f(x) =11 and lim f(x) =11 lim f(x) = —4 and lim f(x) =4
x—3~ x—3% x—2~ x—-2%
. - 4
Jim FO = 1] =4

/im Foy= DINE
A®0 X=»ad (Poes no? oy 51
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Calculus, Unit 1, Lesson01_teacher, page 4

Assignment:

1. Write out this limit expression in words.
lim (x3 + 1)
x—->—4

The (imit as x goes to negative four of x cubed plus 1.

2. Convert “The limit of the square root of x plus 1, plus x, minus 3, as x goes to
17” into the mathematical notation for limits.

/J'WL7 (JZ:-H + X "$

b
3. Evaluate 4. Evaluate
lim,_,_,(x? + 8x — 1) lim,_;(—5x3 + x2 + 2)

= FEW =i 4604~ | = Fl=-5004 1542
= )b —32-| = -4+
= -6~ =|=17 - 543 =[=

In problems 5 — 8, state the problem in limit notation and what it seems to be
approaching. If no apparent limit exists, then so state.

5. 6.

X f(x) X f(x)

4.4 13.1 -11.2 -1

4.49 13.01 -11.18 -.09

4.499 13.001 -11.10 —-.009

4.4999 13.0001 -11.02 -.004

4.49999 | 13.00001 -11.001 |-.001
Jim. F2Y = 173 lim F8= 0O
P d Wl ¥ ==/l
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7.
X f(x)
4.4 13.1
4.49 13.2
4.499 13.4
4.4999 13.7
4.49999 |14.1

Calculus, Unit 1, Lesson01_teacher, page 5

8.

X f(x)
2.2 17
2.1 17
2.01 17
2.001 17
2.0001 17

No apparent [imit

lim ;_P(XB =17

Xy L

9. Write out this limit statement in words.

lim (x3+1)=m
x—-at

The [imit as x approaches a from the right, of x cubed

plus one equals 2.

10. Convert “The limit as x approaches b from the left, of f(x).” into mathematical

terminology using limit notation.

/im F&)
xz-»b

In problems 11-14, use the two one-sided limits to state the general limit in limit
notation and the numeric answer (if it exists).

11.
lim f(x) = —1 and lim f(x) = —1
x—0~ x—0t

[im & = -/

and s
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Calculus, Unit 1, Lesson01_teacher, page 6

13. f(x) =x* —x -1 14. f(x) = 1/(x-5)
lim f(x) = -1 & lim f(x) = —1 lim f(x) =? & lim f(x) =?
x—0~ x—-0% X—5~ x—-5%

[im Fry= Fo) fim Ttz e

X2+°  _ pro X>5=
/i F&) ===
=|=1 25

7 bey ot agree
Mo /imiY
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J\ Unit 1: Limits of rational and graphed functions

Lesson 02

To find lim f(x)

X—a

0 Undefined
0 oo/o0, 0/0, etc.

e |[f f(x) is a polynomial, simply evaluate f(a).
e [f f(x) is not a polynomial (such as a rational expression), try to
evaluate f(a) unless it gives some indeterminate form such as:
O Division by zero

In these cases, try to algebraically eliminate the difficulty
before substituting in the a value.

Example 1: Find

>1<1—r>g (X -)l(- 2)

— 23

=
EE S

Example 2: Find

o [(x%2+2x—15
)l(l_rg( X —3 >
- Jw (x +5) (2-3)
ks X3
.
= [ o)
- 345 = &

Example 3: Find
. (& — 2)
lim
x>4\ X—4

oy /H\L { :L\‘f!l_'f_i}

e A S

= /Jim L

¥~y Uy %
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Calculus, Unit 1, Lesson02_teacher, page 2

Example 4: For f(x) =y, find A

lim f(x) = -3 4 These +we n"‘h

X——2" (%) o dp:;;i ?I"PF ° .

xLig"' f(X) =6 J; Py \‘F
lim f(x) = D.N.E. (does not exist) g

X—>—=2

f(-2)=2
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Assignment: Find the indicated limits.

Calculus, Unit 1, Lesson02_teacher, page 3

1.  x*—-5x—14 2. lim(x%?+x-2)
lim X—6
X——2 X+ 2
- I DD — st +e -2
UL BH“{ ) - 36+£"‘2—-
:/I-:{-—'J-b{_?]:ﬂf? = |40
}(1_r)r51 X—5 x->1X% —4x + 3
“nr r—r 2 Xl QA1 (X3
_‘,'; :!‘f‘ﬂ /
w-qru/ﬁr+ z» X=3
| /
= /imt Z 53 - —z2
Y= ?u W = /=3 :
. s _[[g ===z
J"_.j-'-_ga'- s | /o
5. .. 5x—20 6.  Vx—2
16 L
vy Y +H# g =
5 2-%_ 2
- /il -~ — -
..5’”7, T = & - p
— L - £ = |0
= 444 = | &

www.bluepelicanmath.com



Calculus, Unit 1, Lesson02_teacher, page 4

7 1imX4_16 8. y Vx—3
x—-2 X2 — 4 xl—rg Xx—9
- Jim \.’?"3 W"'j
—Au{_fz,ﬁ@_ﬂ 229 ¥4 V343
X>L :”i:-*
+3
= /J‘H é'.i"'#g WA { g
i = Y= T 73
2%+ = | & / |
- 17 ¥3 “at3- 'Z
9. }(1_1)%()( —5x—1) 10. lirrl|x+2I
x-2 X+ 2
— p=-4o-I| _ [a +2] ) 1
—[= - a+a . o
- =]
— .‘_)L L
1., 5—Xx 12. . 9—-x
xl—r>r51\/_ \/_ xl—r>r‘;81—X2
—fim S-X + V7 =
Lir e A TE =4 Mgm
__,‘)}1 f:}(_r_f'ud&%___ _'/.-‘ﬁ..
el 29 "I”/'t
= Jiw = +Ug / /
Yor |5 — 749 7%

— _@?--h’?‘): -aJg
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Calculus, Unit 1, Lesson02_teacher, page 5

13. Find the following for f(x) =y &

lim f(x) =2

X—4~

“'I-.. L
L

lim 9= 6 e

lim f(x) = does not exist

X—4 P

limf(x) = 7

X—6

f(4) = does not exist

14. Find the following for f(x) =y &

lim f(x) =3

X——5~

Jim, 19 =3 :

lirzl5 fx) =3

lim f(x) = —5

X—3

f(—5) = -8

15. Find the following for f(x) = y &y

lim f(x) = —co or D.N.E. <

X—2~

x¥

lim f(x) = +c0 or D.N.E

x—2%

limf(x) = —6 %

X—5 TS

f(2) = D.N.E.

f(5) =3
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Calculus, Unit 1, Lesson02_teacher, page 6

16. Sketch the function, f(x) = vx — 3 + 2. Use the sketch to find the following
limits.

lim f(x) = D.N.E.

X—3~

lim f(x) = 2

x—3*t

lim f(x) = D.N.E.

X—3

lim f(x) =5

X—12
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Unit 1: . . .. . ]
Lesson 03 Limit theorems, limits of trig functions

For the following limit theorems, assume:

limf(x) =L and limg(x) =M
X—a

X—a
lim[f(x) + g(x)] = limf(x) +limg(x) =L+ M
X—a X—a X—a
lim[ f(x)g(x)] = [lim f(x)] - [lim g(x)] =L-M
Xx—a X—a X—a
im0 L) = K m ) = kL
o g(x) limgx) M Xl_r)r;( (x)) = o (x) =
X—a
(where k is a constant)
Example 1: Assume lin% f(x) =—1 and lirré gx) =7
X— X—=

lim[3g(x) — f(x)] =2
= /M3at)N —/; N () ~f
{390 —[in 0= 3 i g~ fin A

- 37+ =21+ =[R2

Y x + f(x)
%3 (0 — f(x)

= {fdﬁ'b [?"”'Fw:/;:js [j@) - 'FD‘)]
= [+ g F08] / [fin, 0t - o
=B+t /[7 (N = ase = L

)
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Calculus, Unit 1, Lesson03_teacher, page 2

The following special trig limits should be memorized (See Enrichment
Topic A for their justification):

sin(x) X
lim = lim — =
x->0 X x-0 sin(x)
1 — cos(x
lim L=0® _
x—0 X

The following trig approximations are useful as x (in radians)
approaches 0.

sin(x) =x ... comes from sin(x) =x—x>/3! +x°/5! =x/7! + ...

cos(x) =1 ...comes from cos(x) = 1—x%/2! +x*/41 —=x°/6! + ...

In finding the limits of trig functions, use direct substitution first. If that
yields an indeterminate form, then use one of the special cases above.

. in(860
Example 2: . sin(80) _ )
6-0 0

Example 3: lir% tan(a) =?
a—

Dse ditect swebstitvtion]
- fM{DS =L
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Calculus, Unit 1, Lesson03_teacher, page 3
Assignment: For problems 1- 4, assume the following:

11111 f(x)=1 and liIIl4 gx) = —

. . 8K 2. lim [xf(x) — g(X)]
P f(x) + x o
- 48y 9% = lim xF) — Lot G\
{:‘1{_ 4[+"&x) +3 | Y h X=>-i
-_ = = =4(1) ""("2-5
iin‘%—j;_ =-4FEECn
- =3 B
3. 1im [f()? — () — 2] 4. Tim [fG) + g
1 e
B;igm] [;'3 43@ " [)ﬁ'-:-q o 441_15_4301 )
e - [ +H—ﬂ
= ) -4"Z - [~ ] =/
- s

5. _ tan(x)
lim =
x—0 X

— M S Inx _ Smlfrf]
=48, oy = 1M P ol

I:/;;u.. Sy [4_,;,#“3&4] ’—:% = |/
[
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Calculus, Unit 1, Lesson03_teacher, page 4

6. lim—sin(nx) _,
x—0 mX
. . +> |
f,'-,q[__; imh_-l = =/|/™
y_..; -]TX - -ﬁ'x
= =/
2 —
7. limCos (0) 1:?
6-0 0

_ oo kos8=1Neoser!Y _ /.. _ e) /;
=in, LoDt - () o

™ U(ﬁﬂ-o*“ = {,}é.”)z 63('2.) = | £3

8. limcos(x) =?
X—Tt

Qdirect svbstitotion
= Cﬂ‘ﬁ(_”rl Sl

9. _ (1-cos(b))?
lim =

b—0 b !
= /i O-EﬁéYj’ﬁﬂbe A L L;u [-—mzﬁ]
el b - -0 '
= o[!-—cascﬂ - o [I—f] = | O
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Calculus, Unit 1, Lesson03_teacher, page 5

T X
x50 SIn(7%) !
= /im LZ__ wm T2
x=p 75m@x) TM*#G’R?:
/
=5Us =7
11. cot(6)
6-m)2 cos(8)
] !
ey -’m L — /,m -
O, SiNe <85 -9__%} 58 ! ;
divtsd, =GB =T
12, . Ty
lim tan () =7
ditect s bs i tutfon
— 'théﬁg\): +/
13. sin() cos(PB)
1m
B0 B
lim LS5irFcosk Vi@ SI2LB=ATHECOS®
ﬁ-’ﬂ g_p

p-w m, -
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Calculus, Unit 1, Lesson03_teacher, page 6

18 — 2x
14. lim =7

X—9 3_&

=/ 2(9=X) 3NE _ fim A (FHY3+VF
29 3-T% 3+J% _P??%LJ
= /im 2OTR) _ 2 (3+79)

¥-*7 /
- 2(3 +35
/2

I
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Unit 1: el e e e
Lesson 04 Limits involving infinity

A fundamental limit on which many others X f(x) = 1/x"
depend is: 100 o1

1 1,000 .001
ll_)Ig — = 0 ;nisany positive power || 10,000 .0001
oeX 100,000 | .00001
1,000,000 | .000001

Infinity (<) is not a position on the number line. Rather, it is a concept
of a number continuing to get larger and larger without any limit. With
that in mind, consider the problem:

What happens if we try to “substitute in =” (which is illegal since < is not a
number)? We would illegally obtain the following:

3002

0 +5

(00
(0¢]

Can we just cancel e/ to make 1? No, because o= is not a number that could be
canceled as could be done with 5/5. Example 1 below shows the proper way to
handle this problem where the answer will be shown to be 3, not 1.

Example1l: = 3x?
lim =
x>0 x2 + 5
= __f__.. z z
f’.mm iza.: - /it ;z
-~ O = x
- /ﬂl-{ 3 e o _ 3
X=2 |4 350 /+0 =
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Calculus, Unit 1, Lesson04_teacher, page 2

As a general rule in handling a problem such as Example 1, find the
highest degree in both the numerator and denominator (assume it’s n)
and multiply by 1 in this form:

1

xn

Example2: = 7x?—2x

Example 3: lim (x3 — 6x% +x) =?
X—00

Faetor v+ x3
Pl =%+ )

] [fmati-% < 42
=&4=)/-0+8] = +0() = =5

Notice in Example 3 that the other terms pale in comparison to X as x
goes to infinity. Therefore, we have the following rule:

For any polynomial, P(x)

lim P(x) = lim (highest power term of P(x) )
X—>+o00 X—+oo
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Calculus, Unit 1, Lesson04_teacher, page 3

Example4: lim (11x2—2x3+x) =7

X——00

Foctot oot X3

_A. I:x}(.ﬂ— —Z +'L5_)]
T ] [t -2 )
.._.-(... i_.«_'; 1+D] = ER)(-4 =[+ *°

Consider the problem | 2x*—-5x+1
lim —
x->2~ xX“+x—6
Direct substitution of x = 2 yields: —1

0

So is the answer +o0 or —e=? Example 5 shows the correct way to
analyze this problem.

Example 5: 2x2 —5x+1
lim =
x=2~ x24+x—6

= Jiu A =52t

y»2 (x-1) (X +3) _x;-rat‘f_\[/ 22 _FZH]

k™ Kt3
[ [aty-sa)+1) /(242
[« [¢~o+] = [~ [-V/7]
gl

4 o=

o
——
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Calculus, Unit 1, Lesson04_teacher, page 4

Assignment:

1. . X+5
;Ean}ox—Z_?
fim X+4 — vy X o4 5
ywo -z iy =R ETE
}_ﬂ_% X T Z
".:.'/l?"l — ! +0 R /

2. . 5x3 + 2
xoeb 20%3 — 6x

3 2
/fia xstl;x =4 = /im BT+
¥oa e 2ol X
e EE - e T
T W0-% T 20-0 T | #
3. 5+ 2%
<o 15 — 6x
I
pn o B G L
Mi.‘r—é} —ii‘ X %_éﬁ-ﬁ,ﬁzaﬂ /5=
2.
—— 5 for
:‘:9*'1 -_-:._a::-ﬂ ?:-E-?ifsfu{

4. lim(7 —11x? — 6x°)

X—00

i

|
ﬁ
-
)

=/ (~6X7) = =6 /im XF =
Ao

r—.m
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Calculus, Unit 1, Lesson04_teacher, page 5

_ 1 1
llm(7——+X—2)

X—00 X

5. )lir(r}o6x=?
6. . 9x* —x3+1
x1—>r2> X — 2x4
7
/i :zrf_-*% T _ -G A
—oO - =
P4 X-WT oy T .i?..;.ng
= /im 9~ % + 7 7-0+0 =2
e A E
7. Xlir_noo(12x4 —x3+7x%*+ 1)
=/in JIaxY) highest pouet teta—r /2x"
p
= 22("‘"")”: ==
8.

=77 —-0+0 =|7
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Calculus, Unit 1, Lesson04_teacher, page 6

9. lim 3x*—x+1
xl>1+x2 6xX + 5
/;;‘ 3YF=x 4/ B /‘iﬂ 3yb-X 4 |
+ _ o+ "
:fr'm+ ! X'LXJ-!:[ _{__ _= [
=" Xl f—.r =% -
10. xl—i)r—noo(XS —2,000,000)
- é’ﬂ_ugz}> -'-'6“"");': —cb
11. lim x2—2x+1
xoL X3 — 3%2 + 3x — 1
Direct 5 vbstitrfion Hh& 0/0,50 we kwr (- [)(5 a factor
L2k ZraxsT
75 'J." ~3x+43% -] /J"m..
é_.:l'afjré @‘4 (¢ aF 1)
i X _/ ~ [ an
e ;E:"?f Cx'ﬂ =
x-1
I
™
12. %50 _ 3549

lim
x-4~- X—4

m  X*%¥-3) _1, X3
e g M5 =
— lin

- [+ (8% =] -1 L

o
$
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Calculus, Unit 1, Lesson05_teacher, page 1

Unit1: . . ] o
i‘ Lesson 05 Fiecewise functions and continuity

A function is discontinuous at a particular x value if we need to “lift the
pencil” at that point in order to keep drawing that function. Otherwise,
the function is said to be continuous there. See Enrichment Topic B for
a more formal definition of discontinuity.

There are several things that can cause a discontinuity at x = a for a
function:

e There is a vertical asymptote at x = a . Typically, (x — a) is a factor
of the denominator. (See Example 1).

e A piecewise function abruptly “jumps” at x = a. (See Example 3.)

e Thereis a “hole” in the graph at x = a. (See Example 5.)

Polynomials are continuous everywhere.

Example 1: Sketch the graph of f(x) (and note the f(x) = X
positions of any discontinuities). x? +3x— 18

Visc at
¥=-6%3

Example 2: Just by observing the sketch in Example 1, determine the following

limits:
XL1£n6_ f(x) = — XB£n6+ f(x) = +oo
,}L?- f(x) = — X1Lr§1+ f(x) = +oo
lir% f(x) = D.N.E. f(3) = D.N.E.
X—
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Example 3: Sketch this piecewise function.
(x when x < —3)

=15
l\/x+3+2 when x > —3J

when x = =3 L

Calculus, Unit 1, Lesson05_teacher, page 2

- rfﬁ____,,
2
=2 —2

Example 4: Just by observing the sketch in Example 3, determine the following

values:
lim f(x) =

X—>—-3"

XE£2+ f(x) = 2

lim3 f(x) = D.N.E. f(-=3) =5
X—>—
Example 5: State the x positions of discontinuity and s i
identify which are “holes.” :
v
‘ ]
x=-4 (hole) and x=3 Nu £
im_fG) = 1 im_ () = 1 Eaa a1
lim f(x) = 1 lim f(x) = —
X—-—4 X3~
lim f(x) = limf(x) = D.N.E.

x—3*t x—3

Example 6: Determine the value of B so as to insure that this function is

everywhere continuous.

Bx? ifx <3
f(x) =
2  ifx>3
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Assignment: In problems 1-3, sketch the function and identify any positions of
discontinuity.

1. x*—81
f(x) = { < —3 Xx# 3} XHpl_ (=t +9)
9 ifx = 3 XK=2 7~ x-3
T L e (39
lim f(x) = 108 z
X3 ﬁ&' _)J Dot at
lim f(x) =108 1 =3
x—3% 3 _+ -
lim f(x) = 108 J I 3
2. () = 1 x? IE .
(X)—4_;+X_5 /'l‘]F :\\___,..H”F
A VA Dise ot
lim £(x) = +o0 L Hff' > ¥=o4 =S
lim, f(x) = +o0
3. x?% — 6x iy %6
foo = )20x—120 7 _x
3 . (%Y *°
— ifx==6 ' v
10 AT Ls=3s The hole
el Wi ets P"‘ﬂmﬂ
lim f(x) = 3/10 Jo ;_—,;)f“T J
X—6 — -;—{
lim, f(x) = 3/10 cont: J?fuf'if”l”c

limf(x) = 3/10
X—6

4. Algebraically “design” a linear function that has a hole at x = 2, but whose limit
as x approaches 2 is 5.

FRY = — (%~
o= ”“—%y LN - mx m;;é" o= —% y.:)
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In problems 5-7, state the x positions of discontinuity and answer the questions.

5.
lim f(x) = 4

X—2~

i fG) = —2 Disc at
= 2
lim f(x) = D.N.E.

X—2

£(2) = -2

'y
_‘f I‘|
A )

i

6.
lim f(x) =5

X—>—6"

<
R
2

lim, () = 5

}‘1
I
|
0~ -

lim f(x) =5
X—>—6

f(—6) = D.N.E.

7.
lim f(x) =8

X—>—-3"

Di'f’f, a‘f’
Y==3

XLiEréJr f(x) =8
lim f(x) =8
X—>-—3

f(=3) = -2

8. State the position of discontinuity of f(x) = 8

Conl. e us-_-;ywhewf‘

X' =3x3+x -6

It's apo/pnonial
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9. Determine the value of b so as to insure that the function is everywhere
continuous.
3x+b ifx<2
f — —
() = { x—1 ifX>2}
-Fll.
e+b ..,

&+b=-3
b=-3-¢ =7

10. Determine the values of m and b so as to insure that the function is
everywhere continuous.

4 if x <3
f(x)={mx+b if3<x<6}
1 ifx>6
F i
bl - -
Fmt b - _-iy/?
lJ...- 1 —
| ’ -
i 6 X

3m+bz=4 EMtbz=
s50/v¢ 5 ;‘u.u/f-fxmufaﬁ'

Ik bf > 3w\+£§ .
Yt b))~ LR !
"F_“"‘““- 'm., /
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Unit 1:
Review

1. Write out this limit expression in words:

i, 19

“The limit of f of x as x goes to negative 5 from the right.”

In problems 2 and 3, state the problem in (one-sided) limit notation and what it

seems to be approaching. If no apparent limit exists, then so state.

2. 3.
X f(x) X f(x)
5.75 500 —6.12 /3
5.71 1002 -6.11 /100
5.7001 100,005 —-6.103 n/1000
5.70002 2,000,500 —6.10054 /100,000
5.700009 | 120,010,075 —6.100003 | /1,000,000
[im_ €)= i Tw=o0
P Y —bol
In problems 4 and 5, give the general limit (if it exists).
4. f(x) = x> —4x -1 5. f(x) = 1/(x + 8)
lim f(x) =? lim f(x) =?
X—2 X—>—8
L )
&)= = 4((3\ - A - — O ?
fay=a=«= n? Féo= ] e
= 4-f-[==5 gf‘mww -
{-p é; ‘ﬂ”iE‘
6. . x%+4x—12
lim =

xX—6 x+6

‘ -2\ — /i g\ _
{éﬁﬁfmgd .v‘" é((r 2y = j 7
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7. Nx=7
!(1_r)r71 X—17
i (2=97 JZHT  _ [ _be=D
2wy X1 TRAT5 — %v? B (VT F07)

— /i _ _ A
SVioinr el r R el

=7

— V7
8. i X
%08 X + 8] _ & _ %: 1
Use ;:a;.r'l"'fl‘.'.rf' - ,}c?*gi'. / “
Sebsifution
9. Find the following for f(x) = y e
lim f(x) = —co or D.N.E. T+
X2~ py
. I l=I
QL‘;L f(x) = +0 or D.N.E : vl
I
iy ) = =6 S
f(2) = D.N.E.
f(5) =3

10. Assume lim_f(x) =—6 and Ilim g(x)=7
Xx——2 Xx—>—2

X + f(x)

A =)
— ~2 fﬁfw‘!‘ _ —2Z -+ (-~6)
= > 2 = T
;/’ﬁlgm ifﬂiﬁ!} _.73( )

11

13
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11. Sketch the function, f(x) = V25 — x? + 2. Use the sketch to find the following
limits.

lim f(x) = 2
X—=57

lim f(x) = D.N.E.

x-5%
lim f(x) = D.N.E. X
lim f(x) = 7
12.  cos?*(2x) —1
lim =
x—0 X
"Wk -(!-Cﬁ"%) — i :(;-mér))(hmml A
Y ads v = x=0 % Zz
:gg{ s Jin (- M [= of-#)
L4 =0
13. 5x
-0 sin(x)
(€= {lnn]= o = |2
/
14. 7x3 — 2%
lim ——=7?

x>0 4x3 —x
2 X

S T-ax ;,,,, ~- 37
- ii o
x>

é"-_E,—-—

= Jim ; Z

}(--l-il"-"# ﬁ i
[
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15. lim 3 5+ 2%
o 15 — 16x
=3 fm T2 3 s
e A /Y & /5= o)
=3 5 F=0 5“-} _ 5
S5d e =3 =0
=\
16. lim (4 — 10x? — 6x3) 17. At what x value(s) is this function
X discontinuous?
x—3
3 - =
= Jm_(-67°) F0) = G+op
Verp —
- —é("”):*“ﬂ x=0 and x=-9

18. Sketch this piecewise function and then answer the questions.

X Whenx<—3] .___4.5,_ -
f(x)={.5 Whenx=—3} o ~f !
k—\/x+ —1Whenx>—3) f____..-b -
xkng‘ i) = XLIETI)!"' fx) = -
lim3 f(x) = D.N.E. f(-=3)=.5
X—>—

19. Determine the value of C so as to insure that this function is everywhere

continuous.
cx? ifx <1
f(x) = e ciriz-2
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J Unit 2: Average and instantaneous rates of change
Lesson 01 pefinition of the derivative at x = ¢

The average rate of change The instantaneous rate of change
between two points on a function | of a function at a point on that

is the slope of a secant line drawn | function is the slope of a tangent
between those two points. to the curve at that point.

N

==

=X T . o

The instantaneous rate of change of a function at a point is called the
derivative of the function at that point and is defined as a limit:

f'(c) = lim fx) — ()

X—C X—C

Read f’(c) as, “f prime of ¢”
which means the “derivative R
of f evaluated at c.” 2

_.|
o _ Fe)-TE)
m=4 = R

Example 1: Find the average rate of change of the function f(x) = 3x* + 2 between
x=1and x =4.

o= FEHI=FO)  Bestds -(3.1%42)

4 -1 - 5
~ Y842 = (34%)  sp-5 s
3 - 3 T 73
'-;), =|/5
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Example 2: Find the instantaneous rate of change of the function f(x) = 3x* + 2 at
x=c=1.

Flp= lim _F-Fu < fim 32 = (3-[-2+2)
¥=/ X=l w2

— [, XL~ . Joo U E P
=/ X =/ =22

— /i S =/ = H\=|é
_X_T{I‘ml/%‘_ﬂ_f Py i) = 3(/H)

Are these rates of change (both
average and instantaneous) just
mathematical abstractions, or are
there “real world” applications?

If s(t) is the time-position of an
object moving along a straight line,
then the average rate of change of
this function is the average
velocity (over some time-interval)
and the instantaneous rate of
change is the instantaneous
velocity at some particular time.

rgh_ - - -
oy

t

Example 3: Find the average velocity of the object whose time-position is given
by s(t) = t* — 6t — 3 meters, between t = 2 sec and t = 6 sec.

AR £ o)-3 —(2%-6:2-3)
\far:“f*!: 6‘1_1@3} _ L) 2
— 2C-3-3—(#~v2-3)

_ —3-—(-33 _ =34l _ B _
e L
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Example 4: Find the instantaneous velocity of the object whose time-position is
given by s(t) = t* — 6t — 3 meters, at t = 2 sec.

Steyz [im SES0 _ Jiu 2% t-3=(2%6:13)

= /M tet 2= (4=12-3)_ )y tEeE—3 +I(
ZL"'":R -2 e -2

- +2 ¢ s
é’ﬁl L é’;ﬂi& ~4) /m(f %)
= 9-. Y= — 2%
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Assignment:

1. For the function f(x) = 4x%, find the average rate of change between x = 2 and
x=7.

pred - B -Fu) a0 ser
) = = - = = -2 -2
| _ -1 _ _Lé'iE.
| = = = -—
‘FQ-B A I b 3(-:;
E: 7 X

2. For the function f(x) = 4x%, find the instantaneous rate of change at x = 2.

fFel N £L fim HOHES - /o fo) -1

F4nds y=>2 ¥-7
= /M _éél_""jﬁf o 2L
) Tx»2 w2 yei Y-z
N = o #Kp’ﬂ/ry‘iﬁ
| X2
2 X X =/m Wrr) = Y244 =|/¢6

3. For the time-position function s(t) = t> + 4 meters, find the average velocity
between t = 3secand t = 11sec.

Vav = M:’,:,J '353” /i *ﬁ 233445 , /:;5”/-1?74

_ls,&é = [/¢ 3 M/sec
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4. For the time-position function s(t) = t* + 4 feet, find the instantaneous velocity
att =3 min.

V= Jow SE)=5(3) _ oy 344 =(3+4]

t=3y  £-3 -/ z-3
_ o EIHRD A poy BEN(H3EHT)
Tz £-3 = fus -3

= 3%433+4) = |2 77/

5. What is the derivative of f(x) =—2x+5atx=c=11?

fle /o 8- fO0 —ax5=(-2-/+5)
=2 =/ —;g-uﬂ x=//

— /M —:zxw’-ml-ﬁ” ﬂ{;;g
T =) 2=/ x-—'ﬂf

— | -

6. Find f'(=2) where f(x) = =5x* + x =12.

==X
, g BN —TER) _ oy =5t 2 =l (-SAF27R)
Fla)z M A = o T

= /iy =524 *Z“‘?ff-ﬂﬂ*!'ﬂ_-uz_/_ e ~5sX5 Y 1 A2
T oy ¥l “xw-2  A12

)ﬁ:::k Gfx;;’g(xfil — / ™ 65’;'-}”) - -5(-1) +1/
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7. Find the average rate of change of the function given by g(x) = x> — x over the
interval fromx=-1tox=7.

M= AROC. = 2= R-1) _ 78 7-@P--0)

2-(-) &
_ ay3=7-L=f+1)"°
= &

8. What is the instantaneous velocity of an object in free-fall when its vertical
position is given by s(t) = 400 —4.9t* meters after t = 3 seconds?

< ik DM =SE) _ oy 4o0- KRGt (4204, 1e32)
e s S z-3

— i B hIE= Yo+ 24l _ oy — (T
s -3 s 23
= [ 4’_2%'{] (2+3) = =4,9(343) =R 74 Ml

E>=3

9. What is f'(c) when c = 5 and f(x) = xX* =7x + 2?

Pl = i BTN _ i 2027133 (52704)
Y5 ¥ =5 x> xX—5

— i XA A=25H35 S _ ) X=PU 4D
X o Ke-s Ty X5

- ;éf;"‘_.,- %ﬁl& :,z/i;"f-z y2\= 5-2 =[3]
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10. What is the slope of the tangent line at x = —4 of the curve given by f(x) =
4x — x°?

CEuu = Jiy P = ey (~l~H)
me s T 7

— i AXXEAIL _ foy = (PN 32)
x-2-4 Y+ & x>~ 4 X+ Y

= R fon )

= ~(-4)+& = /2

11. Draw the curve f(x) = x* and label all that would be necessary to find the slope
of the secant line between the two points on the curve given by x =1 and x = 4.

L
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Unit 2: . ]
J Lesson 02 Eduations of tangent and normal lines

In this lesson we will find the equation of the tangent line to a curve at
a particular point and also the equation of a normal (perpendicular) line
at the point. To do this, use the following:

e The y-value of the point is obtained by evaluating the function
at the given x-value.

e The slope of the tangent line is the derivative of the function at
that particular x-value.

e The slope of the normal line is the negative reciprocal of the
slope of the tangent line

Example 1: Find the equation of the tangent line to the curve f(x) at x = 3 where
f(x) = 4x* —x + 7.

Foy=4-2 =347 mtrﬁj:/;ﬁb f@;:f@\ ,
- =/ Qxteyy7-(36-3+7)

. Y-»3 ¥ -3
4= G 4e) — [ HX=X =33 - i %I
X2} X3 x5
— L34+)=23

3:*&}4-,{; seob /(3 #0) :.;;w.}’*.b

L4O =233+
g=zX+h 59 p Y = 23217
Example 2: Find the equation of the normal line to the curve f(x) at x = 3 where
f(x) = 4x* — x + 7.
Piay = 23 ~ —gy X#h i 224 &\i -
T T IS YT 73
<L = &3 -3 L
4‘-’5’: Fl,—i‘ 4‘,’?
33‘-%9--}-%:
o L
=3
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Assignment:

1. Find the equation of the tangent line to the curve f(x) at x = —4 where f(x) =
2
X —x+ 1.

o FUI=FEY)
WS F{#): /i;ﬂ_y ;(_ (“V]

FHE: E?%j;?:i! :,?/mlf X{X;L;(Ké-* 4 +1)
Zyl=@Fed) e S Ty X =X =0

- ~metf XK
ol 2cdes — r’ﬂi%_:i ::X—t,ﬁf:—?

Y=xvb ﬁs}ujfn ﬂ;LIL \?:-ﬂgwﬁﬂ

-

J:—?Jﬁ.& "J'.;:-'-" b Y - ~7 X~

2. Find the equation of the normal line to the curve f(x) at x = —4 where f(x) =
2
X" =x+1.

4/ éﬂ,ﬂ.” = M Y¥
Mg = "7 5;;:;—(-194 b

M= H 12 4% =b ‘9:7%"{'
‘fj:w‘[}{%b
3:'&2’7&5

193 _
T..b

3. What is the equation of the normal line to the curve given by f(x) = 2/x at
x=-1?

—_ J"' - J) j i
R S

—Jim ZUAT 2y
;(-:H-r X7 = =
WMy = - F-1) = %‘=—'l ;(’x yj:ér; —3.]

=
— + 5 -_—d = -\+b = MY+
Crew TR ey
o ++ =05 f[f:_'&x_:‘z
?ni_;__l—_.:}-: A

Sok M
(=1, -2)
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4. What is the equation of the tangent line to the curve given by f(x) = v/x at
x=57

W =1 C5) = /inF)—FE _ jy 7% VT JZ+HT
X5 X=v T xes 2’-‘ 5 J’J?-!-J?'

iy . N Y

—fﬂmﬁ' Mﬁ(m +VD) :;‘,{:f} 'JI{-HJ?"_ THE — aJe

A== :M.‘l’?‘-b . C‘j v\"’lr-%b

OG 3 (5'{'?5'5 /?’L Ji_-_-

2

5. Find the equation of the normal line to the curve x*/3 + 2 at the point (3, 5).

Masaz €78 = /i &N =FB) _ oy 22— (F +2)

Y>3 ¥-3 Y>3 xX=3
_—_/d".'ﬁf ':‘3‘2’1:#.2. =5 _ W ;f?:_‘ y -9

-é?t{ﬁ(}-”?j(?*ﬁ) "(5-}3 — X ?"1_1.:--12"_

éf:ﬂ ¥+b y =Xt
L \
= i’).’-H.': i.L \!3
svb I ('Jj;f‘l =z ¥t
S= &t

2 =p

6. Sketch the graph of y = —x* + 5. Without doing any mathematics and just by
looking at the sketch, what would you guess the equation of the tangent at x =0
to be?

tavgent /i €
3 =5

'y
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7. If mis the slope of the tangent line to the curve given by f{x) = —x°, show that
m =—8 at (4, —16).

Shew that M = W=
Fly= I F -8 _ . —x=-4%)
il B A x>y X - i

— /iy = XHe  _ Jiy =X/
X 4 gk -7

— S =B - |-
_;szg%Lﬂ_ (y44) = [-&

8. If the derivative of f(x) at x=c=2is -5 and f(2) = 13, what is the equation of
the tangent line at x = 2°?

) =, ) M=
—=-m Yi b r‘!j:"ff‘lj""b
,;_”’_b I V4o =b —_ - +23
Seb in &,13) 23 =b

v:".wfj(-r

9. Consider a parabola having its vertex at (2,1) and passing through (—4, 7). What
is the equation of the tangent line at x = 8?

FrstFi oF )= /i FO-TE)
ticsf‘ ;‘E';E M=t iiae ;{—f? X-&
= ﬂZ;v ay+/ |- =/ B 9 Y (15(5 341
59!:-‘ I fi“"‘J l Z #Ill f-’l ) X‘l‘:#
=al-4=+ |= 32 ) it
p=al 4o 4..5» R
dr-é/jé"%_ = % /!9‘!'"1‘1,:
g =80 Y-4) = m(x-x1)
= r(‘l’“ﬁzﬁ} y-?: 2(x -8
t@)=7

0 4= &R0 )=€1)
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10. What is the equation of the normal line that passes through the vertex of the
parabola described in problem 9?

Using Calculus is overkill on this problem.
The tangent line to the vertex is horizontal; therefore, the

normal line is vertical. Since the coordinates of the vertex are
(2, 1), the equation of the vertical normal line is x = 2.

www.bluepelicanmath.com
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Unit 2: Formal definition of the derivative
Lesson 03

In lesson 1 of this unit, we looked at the definition of the instantaneous
rate of change (the derivative) of a function at the specific point given
by x = c.
f(x) — f(c
f'(c) = lim—( ) ~ f(0)

X—C X—C

We now present the general formula for the derivative of y = f(x) at the
general position x and its accompanying diagram. Notice the use of Ax
which means, “the change in x.”

_dy
. f(x+ Ax) — f(x)
= lim
Ax—0 Ax

d
Notice a new notation for the derivative, d—z. (Quite often the above

formula uses h instead of Ax).

Example 1: Using the formula above find f'(x) where f(x) = 3x*> — x.

f=/im F@m} Fe0). _ = /in z/ﬁArll—ét'wl—-(BIL‘-z’)

AY==0 A Y20
~ /M 3(2’*‘:*1:'@&%&13 /dx—az +
- Ax—=>C
= /i +3x - —
7""" a4x
AX m/éxw«w-d I by +28x-/) = [6X ]
2
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Example 2: Use the formal definition of the derivative to find the slope of the
tangent line to the curve given by f(x) = x* + 6x — 2 at x = -4,

Foo= /{ﬁﬂﬂ"_‘s‘%f@ =/ lrtAD) 3 bl a8 -2 (¥94¥-2)

o A x

= fin, XKSrot) Ay |14 el L X + 2
Fa¥ 4 ax

— o BRI DX+ E)

Ay —-D X
Ay—=o / —

Pl = al-y+e=E2] = m
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Assignment: In the following problems, use the new formal definition to find the
derivative of the function and then substitute in a particular value if asked to do

SO.

i) v fing
1. If y =f(x) = x5, find ix

d} 4 Flersx)—+E)

)"‘"EJ AY .
= /1 <x+MJ*—x il gﬁu@%kﬂ o
AV
—A{;ﬁa”‘(ﬂM = % (axi14d) = [3X

2. What is f'(x) where f(x) = (x —5)/4 ?

= ﬂ?ﬁ%&) R jou ) -5 ~ (% -%)

Ax—o Ax=E A%

—z"maﬁ“iyf‘@"j‘;’?'}%“ﬁf
=AM 5 #@ = E

3. Evaluatey’ at x = 17 where y = 7x° + 2x — 1.

54": /im ﬁéé-mx) P8 _ o A xra 2 (rse0~1 = (7 %y -1)

AxY T A0 AX
= [iX éamfwmw o) oA =2 = 2% 31
= fim Jodlix 7o +0) = /i (g ie42)

= Ad+a ) = Jur+2 ={auo
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4. What is the slope of the normal line to the curve given by f(x) = v/x atx=1?

= fity= oy TCA)-TE _ jooq JrrdX—JF Twrkctdx
e 7 10 fzﬂa Ax “,i/r:ﬂﬂ AX™ FA +VY

= i XA 2K Jiu A%
AXPO R (BT +0%) A 2% (T77% 707

— /
= [ sy = v = 2 ?“m.
mMuyy=-2€  Mull)= —wIT =[-

CoVx+1-2
lim———— =7
" x»3 X—3

/i NTF =2 [T 12
Y= 3T =3 H +1

— i Xt = ¥
3""’3 =3) (VT +2) I
:Q’L"% (074 12) zz{% X 13-

o i 7

377 12" 2727 X

6. What is the slope of the tangent line to the curve given by f(x) = 1/x at x = 6?

m=7"= fy TEW =0 _ ) Fomy — & ylxrax)
M"ﬂ AX TAD AX X (x1AY)
x —(x15%) ¢ —~AX

~0 Ax X(X*or) "J.G-f:: &I (¥ +Ax)

d = = fixy- =

Aél‘{a X(¥tAY) =

= H{

/

AR "éa:: =
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7. Find the equation of the tangent line to the curve f(x) = x> at x = — 5.

Rx}-— Jom _fForan) =B\ =/ @.’+AH’J3 — 7
Axro A Aymo
Dinomr'a f e Yians/ oy

e
- fw )'ijhmm‘w fM
Az =20 ax
B sx (2% +3y@,zj+éd;r)) T
_;;in X il -F-)&J

-F?“F) = .3(“-)1‘
W = Ff"f): 75-

Ft- r} -—(*;5‘} ——)ir Y= wmx +4
» 9= (-5 FE5) Yy=75%+5
= €5 A5) —Dprzpst-s) b (9= ?ﬂ’ 7270

sub 20 - b

4= ﬂ,rv‘fi
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Unit 2: A graphical look at derivatives
Lesson 04

function f.

It is generally true of all polynomials,
that the degree of the derivative f’is
one less than that of the original

Recall that the derivative of a function
at a point is really the slope of a
tangent line at that point.

Graph both f(x) = x” and its derivative
f'(x) = 2x in the space provided to the
right. Notice that at each corresponding
x-value, f’is the slope of f.

3 i
'I X
Neg
b ﬂﬂF
X

In the following two examples, consider the top graph as the original function f(x).
On the coordinate system just under it, sketch the graph of f’(x).

A

Example 1:

Y

Fi

=]

www.bluepelicanmath.com

Example 2:

'Y
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Example 3: Label directly on the graph the points \ &
as described below.

A. Point A has a negative derivative and a -
negative function value. FANEN

B. Point B has a positive function value and a i g3
negative derivative. ’ 3

C. The slope of the tangent line at point Cis 0
and the function value is negative.

D. Point D has a positive derivative.

E. Point E is a maximum point in its own little
“neighborhood” and has a positive function
value.

]
=

Example 4: Given that the top graphis | Example 5: Identify the requested

the derivative f’, sketch the original intervals for the function shown here.
function f on the bottom coordinate : Ty
system. \

\ AF N ]

\ I

| h F AN

1 | (_ﬁ ?
k IL\.__ F
1“ - \\ ?
7 \
A a. Interval(s) of negative derivative

(_°°r_3)r (31 6)

b. Interval(s) of function decrease
i SmE (_°°r_3)r (31 6)

]
t c. Interval(s) of positive derivative

(_3; 3)r (61 °°)

e
-

d. Interval(s) of function increase

(_31 3): (61 °°)
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Notice from example 5 that we can infer the following:

¢ Intervals of negative derivatives correspond to:
O intervals of negative slope, and
O intervals where the function is decreasing.

e Intervals of positive derivatives correspond to:
o intervals of positive slope, and
o intervals where the function is increasing.

www.bluepelicanmath.com
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Assignment: In problems 1-4, consider the left graph as the original function f(x).
On the coordinate system to the right, sketch the graph of f/(x).

1. b e

www.bluepelicanmath.com
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4. e ! e

5. Separate the following six items into two associated groups of three items
each: Increasing function, Decreasing function, Negative slope, Positive slope,
Positive derivative, Negative derivative.

Increasing function Decreasing function
Positive slope Negative slope
Positive derivative Negative derivative

In problems 6-8, given f” to the left, sketch the original function f to the right.

6. A A

—

-
=t
=

www.bluepelicanmath.com



Calculus, Unit 2, Lesson04_teacher, page 6

I}

9. Identify the requested intervals for
the function shown here.

I}

. Interval(s) of negative slope
(2, 6)

. Interval(s) of function increase
(_°°r2)t (61 °°)

. Interval(s) of positive derivative
(_°°r2)t (61 °°)

. Interval(s) of negative derivative

(2, 6)

. Interval(s) of positive slope
(_°°lz)l (61 °°)

www.bluepelicanmath.com

10. Identify the requested intervals for
the function shown here.

&

. Interval(s) of positive derivative

(_3; 0), (3r °°)

. Interval(s) of negative slope

(_°°I_3)l (OI 3)

. Interval(s) of function increase

(_3; 0), (3r °°)

. Interval(s) of function decrease

(_°°I_3)l (OI 3)

. Interval(s) of negative derivative

(_°°I_3)l (OI 3)
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For problems 11 and 12, label the described points directly on the graph.

11.
A. Point A has a positive derivative and a n A ! ’
positive function value. : 4
o lf" l‘f
B. Point B has a negative function value and a = 7 ?
positive derivative.
C. The slope of the tangent line at point Cis O. nZe

D. Point D has the smallest slope of all the
dots.

E. Point E has the largest function value of all
the dots.

12. ‘.
A. Point A has the largest slope.

B. Point B is on an interval of the function 4
having constant value.

N
C. Point C has the smallest derivative. fﬁ 1

D. Point D has both a negative derivative and a
negative function value.

E. The slope for point E cannot be
determined.
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Unit 2: : il
Lesson 05 Differentiability

A function is not differentiable at x = c if any of the following are
true:

e the function is discontinuous at /ﬁ
X = C, 1..‘*-'""'-—___--""”,

&

e the function has a cusp (a sharp
turn) atx=c, or /}_\
e the function has a vertical
tangent line at x = c.
I
¥

Example 1: Sketch the graph of f(x) = | Example 2: Sketch the graph of f(x) =

1/(x — 3) and by visual inspection |x + 2| and by visual inspection
determine any point(s) at which it is determine any point(s) at which it is not
not differentiable. differentiable.

4 |

1N iy
- N

0% 525 0 WATL o)

Example 3: Sketch the graph of f(x) = 43/x and by visual inspection
determine any point(s) at which it is not differentiable.

Feax” J L Not di+E at

4 ; AED @f#‘mf E‘awd’

/i H.ES
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Example 4: Determine if the function below is differentiable at x = 2.

_(x? ifx <2
i) = {ZX ifx > 2}
;t':ﬁ-\.,r ﬂ.q_'; 5
% I_‘*mi:ﬁ “ConZinvos
Lett sile: Rigkt sicles
{’@):/,-m_‘cé"T}_,’:_@’ F'd;ﬂ =/m 16)- 1)
oy p X2 (27 X a)
= /im = - 2K — (22
F @) V=L Pl - {:142\"' b
- 2 — Jw 2
Feo= Iu el | = fud
— Q242.= K = =1
Diftetens- answers

www.bluepelicanmath.com
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Assignment: In problems 1-6, determine any x-value(s) at which the function is
not differentiable and state the reason for non-differentiability.

1. & 2. 'y

e

P i
7 " I
I "j
b X .-ff B\
\\.

\ -
N =]

X =2, cusp x = =3, discontinuity

3. e 4. e
h\\‘ Fa
[,
* |
N J 1 1
I 1
(j ? ; 1 ?
I T
i F I 1A
prj I \
A
K
A
[,
[
x = =2, discontinuity X = -4, 2, discontinuities

5. e 6. M HH

Diff. everywhere X = =2, vertical tangent
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7. Determine if the function below is differentiable at x = 4.

2 -
f(x) = {x ifx < 4}
) =lx  ifx>4

"
K== h "z [6 }éﬂtrq vovs I ¥ =4

Ay—4 ¥ = /6 N
Left side: Rﬁ_?h{ sdeg |
£ = m T -T2 F@;:M%@
iy ey
=fm X —#* F?**):;fjmﬁw X-7
XY™ Yeu oy
:ﬁ-}n L0264 r@]:i’?ﬁ‘;ﬂ_‘é%
il ; ]
= fe

Di fletent angwers
De i vaiye docgnd ex /5t
/VDfd?ai#fq'f;( = 4

8. Determine if the function below is differentiable at x = 1.

21 ifx<1
9= {3 h
) x—1 ifx>1

XE fwf;’:-j—:gfcmf;auaq ot =/
Y-/~ 70"

AO e ipht s de;

e Zﬂi@“im fEGJ: =T
R -, g By PO s o
Y Y S ol 374
— Jim LY +/) = ;ﬁﬁ; -

T X~ XA = /
= /+/= 2\

Diherext o bwers lcust)
Det tvatipe doesxd QXIST
Net didbfat-Z =/
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9. Determine if the function below is differentiable at x = 2.

2 .
£ :{x +2 1fo2}
) 4x — 2 ifx> 2

Lyn~p2 L= 6 ?cenz‘:u_ua
g-x_g.‘—wﬁfl- L= & '-_{5,,/

Lett side: Repht side:
f?zj“ﬁ'ﬂ ) - Ha) FZ.'}::/J'H_'__’%L‘:_-@._
._2_'1: ;}:_1 Y=2T -2 4
" Y a— (224272 | = yM, FX-2
= J 2 =7 /-m Y2
. _ — !.M#LL
= 2/}__?;_{2_ __j T X2 xea
42 = Jm AL =

— S @(d'__)_:# = =gt ;a.ef —
L rhes agree/ -

e hiFh at x=2

Since the derivative at x = 2 from the left is the same as
from the right, the function is “smooth” there (no cusp).

10. Determine by analysis if f(x) = |x — 2| is differentiable at x = 2. (Hint: convert
to a piecewise function and then compare the left and right derivatives.)

T+ —X+42 K&£RA) 4. e
%\/ = NELf e

I ¢

: right: -
'Fi;#: /‘..Ml_-F fx;-'FﬁS Fia= ;f}lf#ia 'f:’?l}
x- -2
= fim =X+2 —[>24+7)"° | = f‘mf?:— 1}“_43-"—153‘ e
X2L oy -
= T’:If.'l_— <2 ™ _f = ;ﬁl{jf_%‘:- ’; j

(c.uﬁ;ﬂ] T hey doxi agree
Net diffat X=2
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11. Use the labeled points on the graph of this k
function to answer the questions below.
a. Which point(s) are roots? i
A, CE,G NIEL e
A
b. Which point has the largest derivative? : \
E 1
==!.|}._

c. Which point has the smallest derivative?

H

d. At which point(s) is the slope of the tangent
line equal to zero?

B,D,F

e. At which point(s) is there a vertical tangent
line?
None

f. Which point is the largest function value?
B

g. Which point is the smallest function value?
H

h. What is the degree of the graphed
polynomial?
4 (has 4 roots)

i. What would be the degree of the derivative of

the polynomial whose graph is shown here?
3 (always one degree less)
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Unit 2:
Review
1. Find the instantaneous rate of change of f(x) = 7x*— 3x at x = 2.

£fry= /m Fﬁi-rﬁé 22=3Y — LZJ-E'-‘?'@’“'

= Jfim Ix=3x -2 _ ,..,t,éeﬁs’ﬁ(?zﬂf)
= g = r-=2

=/m (Qx+1)) = 7.2+l =|RS
Y=

2. Find the average velocity of the time-position function s(t) =7t> — 3t meters
betweent=5secandt=8sec.

V - S6 - 5'[J'j
AY - &—5
2. %3 s’-[?s' 3.5

— 44 —1:,1—(;’7r~;ﬁ L pys-a - /6O
= - ) = .
= '—’3"264 = |88 Ve

—_—
-

3. What is the instantaneous velocity at t = 5 sec of the time-position function s(t)
= t> - 5 meters?

Vig)= /:rm S&) - S5 iy - f}“f—w}lﬂ

= frm L2oAAE g ({-,.»fjdf +5’f +2.5)

= fﬂ'm (t +5t4as) = grpriar =| 75 1A
g
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4. Find the equation of the tangent line to the curve given by f(x) = x> + 7x — 17 at
X =-=5.

om=Jim td- 'R'r} — i A FTE =T W

=== = (- r o Lot o rd&=1
— Jom X S X 1/0 — Jru A12) _ _s92= -3
K= AT TR
RN=EDI)1 §=9= m(xX=%)
Q"Jﬁ?l (5-_3@ ﬁ+a‘?-“3(x+f)

5. What is the equation of the normal line at x = =5 of the curve given by f(x) =
x>+ 7x—17?

Miow = —3 P
@Jj):(—j_,—-;w)z e iy
M,y = _13_ Sj 31 -m(z .XJ)

Y+ar= é—()’f‘fj

6. Find the equation of the normal line at x = 1 of the function f(x) = vx + 3.

on = -Ftt} 'FKJ _ Jx +2—(UT +3)
M j(/xs /M

}."*f 75-
_ Tz~ J‘ic'ﬂ “m— oL
if/z(f’ X=] UX+I ““Anﬁ 0] T +) j’}-.j“‘-f-,ﬂ' -2
M= -9

Péfj J’“ +3
@'J H} U; ‘:ﬂ
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d
7. If y = 3x* + 5x — 1 what is _y?
dx

AdY _ o FOHAY—FH) ), 9 -] —(3¥}
5 = (. FERPIE fn el (vied

X
= /i _}ar"+éx@>¢+3@é +g;«:€ H@#&‘%—wf I 75a N

Ax e

= /' éR‘M-I'Jé-ﬂx%ﬂﬂﬂz : ol b X+ bhs)
Ao e e (Y Sa

8. Find the derivative of f(x) = Vx+2 —3atx=7.

fto= /m T - _ /. @Ay +2.-3- (J7#2. -3)
acy TAx=0 Ax

o=

I SXIATA ~ Vo [R7Axie +JXFL

1}

Ax—=C AX NS e U XL

= //m il KX = /M

" Ay (d}*MxtL +IRFL) A/,/P—'s? ﬂz-hdr + T2
— o \
= Ve VeI © 2JvIT Fol= 7= &

9. Use the formal definition of the derivative to find the slope of the normal line
to the curve f(x)=1/(x+ 1) atx =—4.

M = i T8O =F _ ) 535571 %] (rrsetl) 4
Ax-rC AX ¥ AX berdovt) & H)

2+l =+t +)) .
T A= plxtax+1)H) ﬁ/;.l.g ﬁ;ﬁwﬁfgﬂj
~fx20 20 e+ o +10(X#1) Tl (3:+m+fjf:rﬂ - (xﬁJ“
ML= Q)75 muled =€nH =7
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10. Find the function for the velocity where the time-position function is given by
s(t) =t —t* feet. (t is given in minutes).

V&)= /i Fé‘-&ir)i_— P&) _ g L2 —E+44 "= 1Y

At—>0 Ab=>O At

— o fﬂfﬁfélt@ﬁ LT
pray AL

, s — AT " 3 - | /= m
—~— -‘J-’;"‘. A'é{f( = :A}i:ﬂﬂg-u.t"fﬂﬁ)“- / ﬂi,ﬁf%ﬂ

11. The left picture is the ! ‘ ‘
function f. Sketch its \
derivative f on the right N
coordinate system. N

——]

12. The left picture is the A &
function f’. Sketch the - -
original function f on the
right coordinate system. l r

13. Separate the following six items into two associated groups of three items
each: Increasing function, Decreasing function, Negative slope, Positive slope,
Positive derivative, Negative derivative.

Increasing function Decreasing function
Positive slope Negative slope
Positive derivative Negative derivative
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14. Using the function whose graph is shown to the &
right, specify the following intervals: N
i TR
a. Interval(s) of negative derivative I N4 !
(_51 O)I (4I °°) / \\?
J
b. Interval(s) of positive slope i A
\
(_°°r_5)l (0, 4)
c. Interval(s) of decrease
(—5, 0)1 (41 °°)
In problems 15-18, determine the point(s) at which the function is not
differentiable. State the reason why.
15. ' 16. Y
i - i
LY
=L I \
- Il A
| {
= ? |
SSassseeLy =
R\ I .
5 1 T,
N 1
%
D .
“‘I
K
X = 6, discontinuity X =—6, disc; x =5, vert tan
17. N k 18, b \
A J'F’ 1
\ ¥ I
u
I
\ Vi 3
]
1 H " s
.F} .1
/J T
X =-3, cusp Differentiable everywhere
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19. Determine by an analysis of a continuity test and “left” & “right” derivatives if
this function is differentiable at x = -2.

5x2 ifx < —2}
f(x) = { =
() =100k - 20 ifx > —2

¥iv) ap .

— .

N { Continvos
_QQ{-RJ-;ZG\;QGJ

betts Righty
Jim JEN— FFa) f;.j Frr) — 62
Iﬁl-{-f x-E2) ﬁj:"_,i -0-5
_ Ju ST ) 2o —a0-(-20(-3)-25)
"yf-i::_ X+ X1t rpa

— /g LoX =D
= F LR = oy L )| = ok Lo
iy — L X“R -

ol = Jim F%%L——"‘ =—20
= &(-2-2) = Q0. K- YL —
Ssame angwelry — |5 M= of X = -1]

Showing that the derivative from the left at x = -2 is equal to the

derivative from the right demonstrates that the curve is “smooth”
there (no cusp).

20. Use the letters associated  a. The point(s) at which the tangent line is

with the points on this function horizontal.
to answer the questions. C,D
s / . . .
Jan b. The point(s) at which the function has a root.
F Ff B
B F
+ -&: c. The point(s) at which the function value is
' . . . . oy .
negative and the derivative is positive.
] A
d. The point(s) at which the function value is

positive and the slope of the tangent line is
positive.

E
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Derivatives formulas
Derivative of trig and piecewise functions
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Unit 3: Constant and power rules
Lesson 01

Consider the constant function f(x) = 5.
Clearly the slope is 0 at every point on this
“curve”, so f’(x) =0.

rY

Derivative of a constant:

f(x) =c ;where cis a constant

f(x)=0
Power rule:
f(x) =x"

-1 i . .
(x) = nx" ;where n can be a positive integer, a negative
integer, or fractional

See Enrichment topic C for verification of the power rule.

Miscellaneous rules:
Because of the rules for limits and since derivatives are fundamentally

based on limits, the following rules are easily produced:

If f(x) = cg(x), then f =cg’ ;where cis a constant
if f(x) =g(x) + h(x) thenf =g’ th’
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In each of examples 1-4, find the derivative of the given function

Example 1: f(x) = —7x"? + 22 Example 2: f(x) =3x+2x>+ 11
L
F":“?(Ji)?( ';‘(4"3 ’FEX)';B"—MX-G'FO
4_’@):’%?{—1 _ |2 - e
= Z
v — _ : 4
Example3: y = Vt3 — ¢ Example 4 g(a)=?
ot
y= (£*)"2 -+ )=
- Za’z_f 3@)" ""f?
':% 2%~/ = '—-;..T

Example 5: Determine all of the x values of the function f(x)
which tangent lines are horizontal

Aoy 2 _ _ s/ope of Lotz
‘P(kj - %’m X" 4ax =35 = o ZLML?:IR" /me.
X ryax —35 =D
(x +7)(x-5y=0
X4r=o y—s=o
=—7 A= 4

= (1/3)x> + x* — 35x at
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Assignment: In each of problems 1-6, find the derivative of the given function.

1. f(x) =

f/=lo

2. f(x)=x*-x*+1

Flay =|4x7-2x

3. g(x) = x—15x

ql)= 5" =15
p _—D»Ik-_"?a - /5

4. P(Y) _i

3

a
Ry= Z5=2% %

Py = a(-5) X"
- —32”;3

5. h(x) = (4x* = x® + x)/x

h @) =42 +1)
=

f2 6\ =| /2 x*—2x

www.bluepelicanmath.com

6. y=5t° -7t +1

y= = 52| =727 +T
9-—_5‘ 7 o o

_3 — =225+
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7. Find the equation of the tangent line to the curve y = x> —8x* +x— 1 at x = 3.

M= Y= 3= MX+ Y= 37-P3 43 =/

Y@)= 3.3%-3 4! :23571 *2
— 2 7-4E+/ = -
;_23.5 69% &9 =G ~49)

-Y, = ‘?H[,?.’"?ﬁ)
Y43 =—z0(¥-3)

8. What is the equation of the normal line to f(x) = 11/x at x = —4?

Foes= /)2
- o -, =M x—Z
Mpgn=F/ ==X "= —;’1 3 7 ¢ )

Fed=Fp=F  [y+L=te(x+4)

= 45
= Lo

&y =(-4 %)

9. Determine all of the x values of the function f(x) = (1/2)x* + 5x at which tangent
lines are horizontal.

F60 =2 x +5 = par skpe of hotiz Lan /ine
X+45 =0
= —F

10. If s(t) = t* — 6t feet is the time-position function (with t given in seconds),
what is the velocity function?

V&)= st =|bt —¢) Fec
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11. What are all of the numerical x values of the function f(x) = x> — 3x* at which

tangent lines have a slope of v/2 ?

x= bt )32z

M= Fl= 3N dx =9z >
Ixtix~-Jo =0
a=3, b=-b, C=-Vz Z= %.1/)
y = = bt JEF-Hqal ¥ = —%/3
- _a
x= 6*J%-20)¢vT)
a3

12. What is (are) the x position(s) on the curve given by y = x> — 10x + 9 at which
normal lines are exactly vertical?
Mg = 3": RA=/D = Cos— I dan //re /5 ikl
Zhen nerwal /1€

o2 = /0 Wt he Jert,

X =g

13. What is the instantaneous rate of 14. Find h’(-1) where h(t)=t + 6t.

change of f(x)=x* —x+ 1 atx=2?

)Z?ﬂ =5 t¥+6

'F?Et):-?'-zj-'f "

e -2 =)
4§ = =5l te
=37 =4
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Unit 3: Product and quotient rules
Lesson 02

Product rule:
If f(x) = u(x) v(x), then

f(x)=u-v +v-u

Example 1: Find the derivative of f(x) = {x(x? + 5).
Fox) =T x (x*+5) = x P x3+7)
v v
.-"_ / + vV UJ

N N
=% Bz +& )

Quotient rule:
u
Iff(x) = —
\4
£ (x) = v'u' —u'v' gee Eprichment topic D for verification of
v? both the product and quotient rules.
Vx

Example 2: Find the derivative of f(x) =

x + 3x*
— y

. LXx - =
) = Y4 3X* T 1:+*a:;:?

Feo = beasxde 3 8) A5 ax)| _ ve-ov!
| O
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Assignment: In problems 1-8, find the derivatives of the given functions.

1. f(x) =(5x — 11)/(2x — 1) 2. 7x (Vx)
- a—
‘F@J:iyf_,'rv Fﬁ}zzydg‘:?f@&)
£ ) 5= bX1D)2 L oovievo’
(ax-)* -4+ %7
'F-{—M*F—M-PRL = 7x(rX
- Rx-U* = 2 x% +77 &_:_"
,Fa‘_,.. /7 ! . A
- | @)% = |3-X
3. g(x) = (x + 6)/Vx
jﬂz}: f:l;} 3 r: VU v—LLJV
S IR e BT R Y Y
& - Y. 4
_ Xy "t -3 2x*%
X el x¥:  Qx"-
| x*-ex*
e Z x*

4. L(w) = 7w/(8W> + 2)

w U /_ VU =V’
L= & w -}":;'—“U L = Ve
/7o Bw4d\ 7 —2W(/eW) _ seuwsk/y— 1aw?
- (EW=+L)E = Fwi-
= |2 EeWt /4
- (w2
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5. h(p) = (p—1)/(p> + 4p — 8) 6. f(x) = (= + 12x* - 4)7
- <
k= };zﬂw#u = =748y x=28
he BrepBIApl(2ed) | e [T3 2 6f
(P +4p=8)? -

b= PP —Rp=2P+Y

—

(P~ 478"
s

— p - .
(0™ 4p-&)*

7. y=(t+7)(t' —8t> +t—6) 8. f(x) = (x—7) 59 Vx
Y=7) (2~ gt t )
L Vv
a"'___ ) \JI'"'-}- \-';LJJ

A S Jet+4!
j -—@*?X’J’i(t?ﬂ?%ﬁ_t‘é)aj

fe\= Ct’;?)( X &
P e

Ve
e DL 25 45727

‘e 37 - )b tF4T E- 1 NTEHD -
57’ 4 tT—F2™ T —6 fL ﬁxﬂ—(%%u"' ! )
:j": O -yl st = ot/

9. Find the instantaneous rate of change of f(x) = Vx ¥x atx = 5.
{-\ﬁ’) - xi'/l X.V.'F“
oV

Fls = 2 e X 27

~3//0 -0

= é= XK ap 'JI-X ) Vo
- B S Y LA R

s = Jox¥P X T /0 X T 05

20
= -5 (4379237

50 o

& —
———
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10. What is the velocity as a function of time (in seconds) of the time-position
function s(t) = (t* — 2t)/t’ meters?

S5¢)= E=gz Y

T «V

e\ - rr(3r"-—-a)-(’i'="-it)(ﬁ‘r‘?')
Vél= S&)= DL
- 5:?-9‘;;:‘5‘-’5?+fat-": —2¢t7+8t
~ T.m' — e t)a
= 2% zr,a; £) = zz?; _-;-'f "Psec

11. Evaluate dy/dx at x = 2 where y = x//8x .
= = s X _ z*
- o
T = i JZ
y'= 2 = Jarn i

vz 4 X%

_mx= gz
=~Z2% = Fx

3(4'3-): %: '%6_—__ 4

12. Find the tangent line to f(x) = (4x — 6)x2/3 atx=8.
fix) =& x-é,)\;}g*"’
. -V
=l (X6 B4 X 3)4-2::’%11 »
= FU8 —(y¥-¢) (3‘3515) +HE8)\ W)= 24l5)+ = 5

F& - ﬁ;i_é) &%) = aet) Y-y = -m X X1)
&= & r4) y /oy = 2 (%-€)
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13. Find the y-intercept at x = 1 of the normal line to the curve given by f(x) =

(x+3)
5vx
g = ' VRS~ 3 )€™
Gow)t .
£y = Hr—c(% 2 (Z 1)
T e
_ - (Z\_ &3 =
24 - =T - z25 — /s 30
TN = =30

B H:W?b
-+ 3.—-3@){% sob /(3|
Znyd)= (s 4 4= ~30l)+b
-é—*-#—%@ =4
T334

2. = b
3
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Unit 3: Trig function derivatives
Lesson 03

Trig derivatives:

- —_— d o
&sm(x) = cos(x) &csc(x) = —csc(x) cot(x)
d o d
&cos(x) = —sin(x) &sec(x) = sec(x) tan(x)
= tan(x) = sec? - i
3 fan(x) = sec (x) &cot(x) = —csc?(x)

See Enrichment topic E for a derivation of the rules for sine and cosine.

Example 1: If f(x) = x’sin(x) find '(x). Example 2: If f(x) = sin(x) sec(x) find f'.
=z x> Vv=salx) L=sHK) V= Jecle)
J J ; ‘_‘Ff: UV’ v U !
— V' +VU . f‘d“ﬂﬁ%
= )(‘?ﬁo-d-’:)’)-f-ﬁj”é@@zi] -F‘:jjm{;&{%fa .;.?3.-: 57
= tan*x +I
= |sec™y

Example 3: Using the identity tan(x) = sin(x)/cos(x) show that the derivative of
tan(x) is sec’(x).

i f._ulur.i
— S/ O L . VU
lomiy= EURTG v

P/ cosihcost\ =5/ M (=5in/x) )
cos® i)
11y /

| /o L\
cosREy T Cos i) :(L,:—&.{sz sec’
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Assignment: In problems 1-10, find the derivative of the given function.

1. f(x)=xsin(x)
V=X ! V=5M4a)
f=oy+ v
= Ycos(x) +5/nb) |
= |weasx) + 5/

2. f(x) = (x* + 1)tan(x)

=X, V=Tany
F= oy’ 4+ vV’
pe_| e 241) 5et) 4 tanWR Y

3. f(x) = x*/sec(x)

v=x*; V=secy)
I Vu'— Yy’
f= =

~ | Secl)bx) — X" Sec () tan)
Sec (%)

4. f(x) = csc(x)/(x* - 8)

vzesel) ;3 V=28
L vul-yv’

'P- -U.g_

e E8)E ese)eottt)~
(x3-&*

)37

-
-—

5. g(t) = sin(t) cos(t)

U= smd); v = coslt)
ﬁjz v +vu

— sinl)(~s/nB)) +costt) cas)
= |- s/n*¢) +eestt)

www.bluepelicanmath.com

6. P(B) = 7tan(B)

p’— |7 5ec*6)




: _cot(x) +9
f(x) = —&
U= coti\+9 ; v= %
’ ) - /
F'o VD U’-‘-UU .
_Z 4~cse ) {cotx +9) 4"
(X?‘L}l
— =F cscph otX 1927 _?i
b

— —JRcse’y ot ) 3 3z
% X

-2 X% sl - (cot ) T
Z¥=

Calculus, Unit 3, Lesson03_teacher, page 3

sin(x)
cos(x) + 2

8t =

U= S'H) V= eosX) 11
Vu! — uv!
'FJ: V=
_ Lostdal cost)~ 55

T (cost )=
!

- c 4 -f*';f Ly
(costdy +2)*

/ +RcO5C)

(casty)+a)*

9. y =t*( sin(t) + cot(t) )
U= 21 J.p 1," :jf'ﬁé‘\*fﬂﬁ(&)
Y'= vV + v’

t¥eost)~cs ) Homt icott)at

—_
=—

10. y =tan(x) cot(x)

H:WJfﬂmj:f
3"":!5

11. Using an identity for csc(x), show that its derivative is — csc(x) cot(x).

gmcseld = 4y 5 ©=/
=52 nx )O) - | cos&)
- SN

|1

www.bluepelicanmath.com
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12. Develop the rule for the derivative of cot(x).

Y= cotly )= SO U=cos@) ; Y= S/ulx)

4

‘- VUL = uy/
j_,

Vi
— SINN (=518 — cost cos®)
S5intx
_ =sialed—eesty™/
o si*Xx S
_ =/ R A Y
= —zrr— =~ (aar) == 5¢W
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Unit 3: Linear approximations

Lesson 04 Derivatives of piecewise functions

The tangent line to a curve can be
used to obtain an approximation to
function values of the curve near the
point of tangency.

In the adjacent drawing, the true
value of the function at x1 is v1.
Note that v2, the approximate value

of f, is actually the value of the linear
function at x1.

f_‘hh

Notice in the drawing above that the estimate (V2) for f is low because

the tangent line is below the curve.

Had the tangent line been above the curve, the estimate would have

been high.

Example 1: What is a linear approximation to the curve f(x) = Vx atx=8.01?Is

this estimate higher or lower than the true value? Why?

ol vse point (8,2) = (%, 4))
Ffz “&‘X—% ~L

e Y

51? * - .::’Ir‘-'l(x'z’j

L'? - 7‘5_'(/1""(53)
E ..fl /, 'é; — 711(;{/—*5})4'1
ﬁi;:ﬁu: ’Gé,ﬁ ﬂ%&m“.: fg{ﬁﬂf—eﬂ""}"

Q&Vftﬁf cerve, -— QOO0

www.bluepelicanmath.com
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Piecewise functions will naturally result in the derivative also being
piecewise.

Example 2: Find the derivative of the following piecewise function:

2 ifx < 2
£ :{x ifx < }
) =lux+3  ifx>2

“_j:f_.f ) = R L2
L JFX>2

A

Absolute value functions are easily represented as piecewise functions.

When asked to take the derivative of an absolute value function, first
convert it to piecewise form.

Example 3: Find the derivative of f(x) = [x + 4]

ey _x—4 iFX LY
\/ -F‘&]: v+ f‘FZ >
4 % Fwy=\ -/ iF XL ~4

| IFx>-F

Cosp at X=-#, Der T3>
ﬂéf che i neq theve
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Assignment:

1. Find a linear approximation to the curve f(x) = —x'/? at x = 8.98. Is this
estimate higher or lower than the true value? Why?

ﬁj’ﬁ Foe\= — 4 -4
) 4 Or]._._—-;‘_‘x _k 4
¥ 'M:{"??)-_—#ﬁ-ﬂ?) z “z'éi‘-‘”ﬁ:?
(Yug'):&;"{a 2’)
5"3}‘“" e ) -
. % Jo F=-F(x=7); y=—4(x-7)-3
T e 15 i gw.w)s -4 (8987 -3

2he cure, — |-z, 998

2. Find a linear approximation to the curve f(x) = x3 — 8x% + 12x atx=2.9.1s
this estimate higher or lower than the true value? Why?

[Ls C FR)z 3xX— 16X AL

” / 6 = 3(3)’-—54433+;1: —7="mM
7 57 X :'—'C?i; —7
{ 1: /* 3—5.21\#1(1—235; yti= -9(X-3) fo
_ol___\ = = 9lx=3) =7 Eitwale /5 LW
! t}'( 9) = ..?/.{\f?—?) -7 +/ine /8 pelew
- "‘-:5’”" the CONE

3. Suppose we know that the derivative of a function to be f'(x) = 2x* and that f(5)
= 4. What is a linear approximation for the function value at x = 5.067 Is this
estimate higher or lower than the true value? Why?

’ Fe)= vy~ ) = (6 #)
m ;gf'”'(.ﬁ"}: VEE= 5O

5 0b6).= S50~ )Y, Tagewt /ine I5

— 4
J 9 = s X—5 )+ 4 Estiuale 3 (oW
2x j bE_/{S?_LU CuUMVE,

=7
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4. The adjacent graph shows f'(x). Find a linear T A 1
approximation of f(—3.98) when f(—4) = 5. Is this ]
estimate higher or lower than the true value? Why? !

From the drawirg m= Fl-4)= 2 : .
ﬁ"l’): 45 é— # 5') NP
o= malyR) § 4= ALK
= a(x+¥y +95
399=26, 904415 = 5: D4 AP
T wtimate 13 b A s/
ﬂxjemﬁ/ﬁxr /s o Loye //_*-—5 ="

the culVe

5. Find the derivative of the following piecewise function:
1
sin(x) ifx > 5

f(x) =

0
tan(x) ifx < >

. - T
Flo)= Cosly) 1T 2> %
sec(y) IF X< W

6. What is the derivative of y = |t|?

Y (> ¥ xz0
%l"" S LD
-:2’ 1 x

(| (¥ ¥ >0
H-— - [F XLP
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7. Find the derivative of a piecewise function that is defined by f(x) = x> + 1 to the
left of x =—6 and by f(x) = 6 at x =—6 and to the right of x =—6.
X4 IF x<-6

foe)= e IFe>2-¢

Rhyz (27 7 et

o (Fx>-¢

8. What is the derivative of f(x) = |.5x — 3]|?

| .
= ¥-3 =o xX-é X> ¢
&)=
—i;—'jg e —xt K6
X/ 4
¢ % Faa=) ! %
-1 xlé

9. If f(x) = g(x) h(x) find f'(5) when g(5) = 3, g’(5) =—1, h(5) = 22, and h’(5) = 4.
-Pfff'l’): j h’-i- hﬂj
£ = gy ALY + K3 ED

= &) + 22(~)
/g =20 =|=/O0

)
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Unit 3: Derivatives on the graphing calculator
Lesson 05

See Calculator Appendix AF for two techniques for finding the
derivative of a function evaluated at a particular point.

The second technique, using MATH | 8: nDeriv(, is generally the best
and least troublesome.

Example 1: Use a calculator to find the derivative of f(x) = 4x° at x =2. Confirm
the calculator answer with a “hand” calculation.

Plotl Fletz Flots [ e\ =20
“N1E4H™3 / J 2
l"'l'l'lz= FC_E}:";:'-’:"
“Yi= T | =/ ¥
wWy= [ = | 4F
WWo= E No¥ *“#5?‘-11:
:ﬁif ) : ﬁ%ﬁéﬁﬂﬁﬁ

2= b Lo e L D DD DG | e rler-

Example 2: Use a calculator to find the derivative of f(x) = (sin(x) + 2x)/(x*+ 8x)
evaluated at x = 41. (Assume x is in radians.)

Floti Fletz Flets [FDer1ut Yy,
SHRcsincR 2R e 1 s
(RZH+EH)
wYe=
wYi=
wYy=
wYE=
~Ma=

A4l
28367 1

Teachers: Since this is a relatively short lesson, it is suggested that the
students also begin work on the cumulative review after finishing this
assignment. . . or, better still, present Enrichment topic C or D.

www.bluepelicanmath.com



Assignment:

Calculus, Unit 3, Lesson05_teacher, page 2

1. Use a calculator to find the derivative of f(x) = v/x evaluated at x = 4. Confirm
the calculator answer with a “hand” calculation.

PFlatl Flok2 Flok:

“Y1ETC R
“Yes
wi=
“Yly=
wNe=
wWE=
wy =

F&) = z}’-.-;
)= 57T

— fta) = 277
Y S

i ';L?_rz-
I
= | %

2. Use a calculator to find the derivative of f(x) = x? evaluated at x = 3. Confirm
the calculator answer with a “hand” calculation.

Flokl Flekz Flek
~Y1BxE

“Ye=

Y=

“Yy=

“Ve=

“NE=

N e=

s ol bt

=2y

fB)=2-3
| =&

3. Use a calculator to find the derivative of f(x) = {/tan(x) /(x? + 2) evaluated
at x =-9. (Assume x is in radians.)

Flakl Flokz Pleks
~SY1BETCbantHi R
E4+20
wYa=
“Ni=
“Wu=
“Me=
~Ma=

[[Deriv
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4. Use a calculator to find the derivative of y = In(cos(x) + x) /v/x atx=22.1.
(Assume x is in radians.)

Fletl Flekz Fleks [Deriviyl 8, 22, 1
sY1ElnCcosCxRa+x0

AL CHD . AB3582354 2
wYe=
sYi=
wYy=
“Ye=
~Ma=

www.bluepelicanmath.com
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Unit 3:
Cumulative Review

1. . tan(x +h) —tan(x)

im =7? atx = mradians.

h—-0 h

A. 1 B.O C.V3/2
D. 1/2 E. None of these

m_toaleth)-tante) _ gt _ £

2. . 3(x+h)?—-8kx+h)—5-3x>+8x+5
lim =7

h—-0 h
A. 3x*—8x—5 B. 6x—8 C. 0
D. Undefined E. None of these

FO)= dX°-Ex~5
floay=|er -2
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3. .. cos(m+ h)— cos(m)
lim =7
h—0 h
A. cos(x) B. sin(x) C. —=sin(x)
D. 0O E. None of these

This could be worked strictly as a limit problem as shown
below... or it could be noticed that it’s really the
derivative of cos(x) evaluated at x = m... -sin(m) = o.

= /m 5555‘(;"1"5} ~co05(77) cos(A 1‘;‘?5:@5;45553

2O J}z h ) ~ SiA SN
- ) ":"-" -
-/ Mﬂ%ﬁ(ﬂ‘sgf’ﬂm =gl
n-
— Sy =l —0 41 oy [-cedR)
*;/éf-.ua h '_!{J-fg h =2
4. State the problem posed by this A. limf(x) = o

table in (one-sided) limit notation along
with what it seems to be approaching.  B. lim,_,_,+f(x) =0

X f(x _
412 151)0 C. limy_q- f(x) = oo
-4.11 -1/100 )

D. lim,,_,+f(x) =0
—4.103 1/1000 st 1)
—4.10054 —1/100,000 .
’ E. lim A1- f x)=20
—-4.100003 | 1/1,000,000 x-—4.1~ £(X)

F. None of these
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5 Y 16 —x )
xl»r{l6\/§ — 4 o
A. 4 B. -4 C.0
D. +oo E. None of these

-
I =X TE Y _ hm et )
X~k TF —F Tx+d — A g7

- éﬂ-(ﬂ-&#}:-—(ﬁ; th=-l + R =[= &

6. .. sin(2x)
lim =7
x—0 X
A. 2x B. x/2 C. 1/2
D. 2 E. None of these

Jim ZIHER) =a/y s _ 2,/ o3

Y=o 2%

7. What is the average rate of change of f(x) = x> — x between x = 0 and x = 3?

A. 9 B. 3x’ -1 C.8
D. (f(3)-f(0))/3 E. More than one of these
BY-Te) Pz -(6®-p)_ g7-3-0
3 - B 3

3
= &L =|°¢
-; C o pﬂf‘f bp‘l‘% C"ﬂ'i"f"-‘t‘tr
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8. What is the instantaneous rate of change of f(x) = x> —x at x = 3?
A. 3x* -1 B. f(3) C. f(3)
D. 26 E. More than one of these

Floy= 3x™I
Fyz3.3™)
- 2%/
=|d 6

B¢ D are poth correct

9. What is the equation of the normal line to the curve 1/x at x = 2?

A. y—-5=-25(x-2) B. y=4x-7/2 C. y=—25x+1
D. y=4x-15/2 E. More than one of these
FlxXy= "
) = -1 X J-I= MUx X 1)
A > "'2
Fly= —(% 3-—fz_:4c’x—25

— —p el
Flayz + q=4x"6T2

,4) =(2% g=4x-%

"7"1_;_'.:}1{-
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10. What is the velocity of an object whose time-position function is given by s(t)
= (5/4)t* — 6t meters at t = 6 sec?
A. 9 meters

D. 6s’(t) m/sec

B. s’(6) m/sec

E. None of these

C. 15sec

St) = V&) = Zayd -4

. --Sﬁ__- b
&)= %J::{@.) -6
= 28. ¢
_

- -6

= |7 MSisec
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Unit 3:
Review

1. f(x)=2x"—6x+11

§x—¢

Fuy=

Calculus, Unit 3: Review_teacher, page 1

In problems 1-8, find the derivatives of the given functions.

2. f(x) = (x* + x)/x

Fay= 2e{ X7

P o
= x4/

Foo =/

3. f(x) = 6Vx
Fay= 6 X2
Feey= d(%) Z-&Vl

= jfﬁ %

_ 3 ¥ |30x
= 1= o3

4. gt) = (et +1)

v=23 v=UF+
3”: L_J'".f"-'f' \"U' "

Y=ttt 43t

- %t%w‘—ffta

5. P(q) = (¢° +49)/(q — /)

Uz ¢1+42 V=2"?VB ; z 3 -
_ (a—2")Ce+ h4)(-42)

p’- v - oy’

. \:1 » C?ﬂ:’sk y
~ 339 g 4g" -2 w g+ 1 T BT
(2-2"Y"
29’ F4" 52"
B 17-2"%)*

www.bluepelicanmath.com
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6. f(B8) =sin(B) (tan(6) + 1) 7. f(t) = (t+6t)/(t + 1)
Dz Sikg \ =Zand +/ U= t24+6E V=124
Pz uv ey’ H:(:Hl@éﬁ;(fwﬁ
B 1
) =
= sinp(se"8) + et — 224G b-t6T
=570 sex"& + 5/ nO+cose (T+)*2
| Z2™=at+e
TL_@*

8. L(x) = ( sin(x) — csc(x) + x )/(tan(x) — 4x°)

D= SGAL —egex4x NV=lawX "#X?

l'=

L7 =

vo! = o v/
(Aan ¥~ 515 f Yeosx +exl)cotn) t )5 in-cse ) (5&3’.23“‘»"11’)_‘
(Lo By - uX*)™

9. Show that the derivative of sec(x) is sec(x) tan(x).

Foy= seco)= 2o O/ V= o)
F= V' = yv’ - gaibﬁﬂ-—a’/—'ﬁ@

VE - %)

— in — FInX
T (Los)cpgxy T oy cos )

= | secy o)
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10. What is the derivative of —cos(x) 11. If f(x) = 12x*cot(x), find
evaluated at 1t/6 radians? f’(rt radians).
L= /jax > vV =cotly)
-ﬁ,z): —d.t:*ﬁ(,r) : ,
F - UV +VU
FoS = s/np) e
e £
F“(Zf‘) = J ‘J = j2XC-cs’y) peotx 2y x
—[L F )
— = ) A M-csc i)+ cotlr) 2477

LiideFn
Nov pessible!

12. Find the equation of the tangent line (at x = 1) to the curve given by

fx) = (¢ + 4) (V).

£ = () x ¥
Phy =) (XD + X7 (3A)
< T =G 28 1744 177%01)

=L +a= s yy = mix-21)
Y=+ T =5 y-5 = 72.5(x—1)
Q‘-’Hé‘:):aﬂ

13. Find the equation of the normal line to the curve given by y = 1/x at x = 2.

= x ’Aj-ﬂjk = (X%
J

N . -
Flay= “zx= S5 ="iey LEHETH
My = 4
Fa)-+%
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14. What is a linear approximation to the curve f(x) = vx + x at x = 4.1? Is this
estimate higher or lower than the true value? Why?

Flyz x4+ % / . Y=4 = m(x-xi)
Fay= x4 % J-¢ =2 (x-#
_F"@):EIJ?-!-! vse T=4 ‘7:%(%-"2‘)*6

I ES ki) <3l 1-4) 6
F&)= VH + 4§ =4 =6 /25
(%, 4) = (&) Estimate /5 ligh, . Line iv aboue cotve,

15. What is the derivative of f(x) = |[x— 6| + 3?

_1[27}_ -X+9 X 4Lé
xX-3 226

v (- X
/ Y 26

16. Find the derivative of the following piecewise function:
—x3 + 2x ifx<—3}
f(x) = { X
() =12 ifx > -3

Fw: -3x*+2 X473
272 x> "]
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17. Using the functions f(x) and g(x) from the A
adjacent graph, find p’(—4) where p(x) = f(x) g(x).
f
Fly= 2 §E0=tie- — :
9= =7 JENES =k SIeaa
PJ: Fj +3'F N

= 2. 5) 4D ;
=] +7 =F
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